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Abstract 

Treewidth of an undirected graph measures how close the graph is to being a tree. Several problems 
that are NP-hard on general graphs are solvable in polynomial time on graphs with bounded treewidth. 
Motivated by the success of treewidth, several directed analogues of treewidth have been introduced to 
measure the similarity of a directed graph to a directed acyclic graph (DAG). Directed treewidth, D- 
width, DAG- width, Kelly- width and directed path width are some such parameters. 

t— 5 In this paper, we present the first approximation algorithms for all these five directed width pa- 

ly-j rameters. For directed treewidth and D-width we achieve an approximation factor of 0{^/\ogn). For 

CN DAG-width, Kelly-width and directed pathwidth we achieve an 0(log ^ n) approximation factor. Our al- 

^^ gorithms are constructive, i.e., they construct the decompositions associated with these parameters. The 

^/^ width of these decompositions are within the above mentioned factor of the corresponding optimal width. 
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^ 1 Introduction 

OO The notion of treewidth was introduced by Robertson and Seymour in their seminal work on graph minors 

. [RS86]. Besides playing a crucial role in structural graph theory, treewidth also proved to be very useful 
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in algorithmic graph theory. Roughly speaking, treewidth of an undirected graph measures how close the 

graph is to being a tree. Several problems that are NP-hard on general graphs are solvable in polynomial time 
~~^ (some even in linear time) on graphs with bounded treewidth. These problems include classical problems 

>■ such as hamiltonian cycle, graph coloring, vertex cover, graph isomorphism and many more. 

'k>( A graph G of treewidth at most k has a tree-decomposition (T, X) of width k; that is, there is a tree T 

and X = {Xt : t G V{T)), a family of vertex sets (which are called bags), indexed by the vertices of T, 

with the following properties: 

1. [jXt = V{G) 

2. for every edge e = {u, w } G G there exists a t G V{T) such that both u and v lie in Xt 

3. for any v G V{G), if v G Xtj and v G Xt2 then v G Xt^ for any ^3 on the (unique) path between ti 
and t2 
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4. maxt^v{T){\Xt\} = k + I. 

This tree-like decomposition structure is exploited by several algorithms (often based on greedy ap- 
proach or dynamic programming paradigm) to solve several intractable problems in polynomial time on 
graphs with bounded treewidth. Motivated by the success of treewidth, several directed analogues of 
treewidth have been introduced to measure the similarity of a directed graph to a directed acyclic graph 
(DAG). Directed treewidth, D-width, DAG-width and Kelly-width are some such notions. These directed 
width parameters have an associated decomposition structure, analogous to the above mentioned tree de- 
composition. 

Johnson et al. [JRSTOl] introduced the first directed analogue of treewidth (called directed treewidth) 
and defined a directed tree-decomposition called arboreal decomposition. They demonstrated the algorith- 
mic benefits of directed treewidth by providing efficient algorithms for NP-hard problems (such as Hamil- 
tonian Cycle, linkage problem and many more) on graphs with bounded directed treewidth. The underlying 
structure in arboreal decomposition is a rooted directed tree (arborescence). Safari [Saf05] introduced D- 
decompositions and D-width, which is closely related to the directed treewidth. Here the underlying struc- 
ture is an undirected tree. Berwanger et al. [BDHK06] and independently Obdrzalek [Obd06] introduced 
the DAG-width and the corresponding cops-and-robber game. They demonstrated the usefulness of DAG- 
width by showing that parity games can be solved in polynomial time on graphs of bounded DAG-width. 
This problem is open for graphs with bounded directed treewidth. Hunter and Kreutzer [HK08] introduced 
Kelly-width for digraphs. They also presented several equivalent characterizations of Kelly-width such as 
elimination ordering, partial /c-DAGs and A;-cop inert robber game. Both in DAG-width and Kelly-width the 
underlying structure of the associated decomposition is a directed acyclic graph (DAG). See Section 2 for 
definitions and more details of these decompositions. 

Our Results: In this paper, we present the first approximation algorithms for Directed treewidth, D-width, 
DAG-width, Kelly-width and directed pathwidth. For directed treewidth and D-width we achieve an approx- 
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imation factor of 0( ylogn). For DAG-width, Kelly- width and directed pathwidth we achieve an O (log an) 
approximation factor. Our algorithms are constructive, i.e., they construct the decomposition associated 
with these parameters. The width of these decompositions are within the above mentioned factor of the 
corresponding optimal width. We make use of approximation algorithms of directed separators [LR99], 
[ACMM05] to construct the corresponding decomposition structures in a recursive manner. 

Organization of tiiis paper: In Section 2 we present the definitions of the above mentioned directed 
width parameters along with the required notations. In Section 3, we present an approximation algorithm 
for directed treewidth. This algorithm is based on a structural theorem (Theorem 3.3 from [JRSTOl]) of 
Johnson et al. In Section 4, we present an approximation algorithm for D-width. This algorithm is a natural 
generalization of the algorithm from [BGHK95]. In Section 5 we present our approximation algorithm for 
directed pathwidth. In Section 6, we define Kelly path decomposition and show that the algorithm from 
Section 5 implies approximation algorithms for DAG-width and Kelly-width. 

2 Preliminaries 

A digraph is denoted as G{V, E) where V = V{G) is the vertex set and E = E{G) is the edge set of G. All 
graphs in this paper are simple, i.e., they do not have self loops and multi-edges. Some required definitions 
are in order. 



2.1 Directed Tree-width 

Johnson et al. [JRSTOl] introduced the notions of arboreal decomposition and treewidth for digraphs. 

Definition 2.1. (Arborescence) An arborescence is defined as a directed graph R such that R has a vertex 
ro, called the root of R, with the property that for every vertex r G V{R) there is a unique directed walk 
from ro to r. In other words, every arborescence arises from a tree by selecting a root, and directing all 
edges away from the root. 

If r, r' G y{R), we write r' > r if r' 7^ r and there exists a directed walk in R with initial vertex r and 
terminal vertex r' .lie ^ ^{R) we write r' > e if either r' = r or r' > r, where r is the head of e. We write 
e ~ r to mean that e is incident with r. 

Definition 2.2. (Z-normal) Let G be a digraph, and let Z C V{G). A set S Q V{G) is Z -normal if there 
is no directed walk in G\Z with first and last vertex in S that uses a vertex ofG\{Z U S). 

Proposition 2.3. Every Z-normal set is the union of the vertex-sets of certain strong components of G\Z. 
Equivalently, a set S is Z-normal if and only if the vertex-sets of the strong components of G\Z can be 
numbered Si, S2, ■■■, Sdin such a way that 

• a I < i < j < d, then no edge of G has head in Si and tail in Sj , and 

• either S = (ll, or S = Si U S'j+i U ... U Sj for some integers i, j with I < i < j < d. 

Definition 2.4. (Arboreal Decomposition and Directed Treewidth) An arboreal decomposition of a digraph 
G is a triple A = {R, X, W), where R is an arborescence, and X = {Xe : e E E{R)) and W = (Wr : r E 
V{R)) satisfy the following : 

• {Wr:r£ V{R)) is a partition ofV{G). (DTW-1 ) 

• y WrisXe-normalforalleeE{R). (DTW-2) 

r&V{R), r>e 

The width of A, denoted by width{A), is inax{\Wr U M Xe\ ■ r E V{R)} — 1. The directed treewidth of 
G, denoted by dtw{G), is Ta.\n.{width{A) : A is an arboreal decomposition ofG }. 

2.2 D-width 

Safari [Saf05] introduced the notions of D-decomposition and D-width for digraphs. 

Definition 2.5. (Strongly Connected Set) A subset S of vertices of a digraph G is called a strongly connected 
set ifG[S], the subgraph induced by S on G, is strongly connected. 

Definition 2.6. (D-decomposition and D-width) A D-decomposition of a digraph G is a pair V = (T, W), 
where T is a tree, and W = {Wi : i E V{T)) is a family of subsets ofV{G) such that all strongly connected 
sets S C V{G) satisfy the following : 

• {ieV{T):Wir\S^$]^%. (DW-1) 

• subgraph {{i E V{T) : Wir\S ^ 0},{(i, j) E V{T)xV{T) : Wir\Wjr\S / %]) forms a connected 
subtree ofT. (DW-2) 

ThewidthofD, denoted by width{T>), is v[\.a'x.{\Wi\ : i E V{T)} — 1. The D-width of G, denoted by dw{G), 
is uim{width{T>) : D is a D-decomposition ofG}. 



2.3 DAG-width 

DAG-decomposition and DAG-width for digraphs are introduced in [BDHK06], [Obd06] and [BDH+09]. 

Definition 2.7. (Guarding) Let G be a digraph. We say W Q V{G) guards X C V{G) ifW n X = and 
y{u, v) e E{G) with u e X,we have v e X UW. 

Definition 2.8. (DAG-decomposition and DAG-width) A DAG-decomposition of a digraph G is a pair V = 
{D, X) where D is a DAG and X = {Xd)d&v(D) '■* a family of subsets ofV{G) such that 

• []deViD)Xd = V. (DGW-1) 

• Vd ^D d' <D d", Xd n Xd" C Xdi. (DGW-2) 

• V((i, d') G E{D), Xd n X'^ guards Xyd'\Xd, where 

Xyd' Stands for I J Xd"- 
d'^od" 
For any root d, Xyd i^ guarded by 0. (DGW-3) 

The width of T>, denoted by width{D), is uiax{\Xd\ : d G V{D)}. The DAG-width of G, denoted by 
dgw{G), is iD.m{'width{'D) : V is a DAG-decomposition ofG}. 

2.4 Kelly-width 

Hunter and Kreutzer [HK08] introduced the notions of Kelly-decomposition and Kelly-width for digraphs. 
They also presented several equivalent characterizations of Kelly-width such as elimination ordering, partial 
fc-DAGs and k-cop inert robber game. 

Definition 2.9. (Kelly-decomposition and Kelly-width) A Kelly-decomposition of a digraph G is a triple 

K, := {D, {Bt)t(zv{D), (Wt)t(^v{D)) so that 

• D is a DAG and {Bt)t^v(D) partitions V{G). (KW-1 ) 

• V t G V{D), Wt C V{G) guards B\ := [j Bt>. (KW-2) 

• V s G V{D) 3 a linear order on its children ti, ...,tp so that V 1 < z < p, Wt^ Q BgU Wg U M BJ.. 

j<i 

Similarly, 3 a linear order on the roots such that W^ ^ I J B^.. (KW-3) 

The width of IC, denoted by width{lC), is max{|i?( U Wt\ : t G V{D)}. The Kelly-width of G, denoted by 
kw{G), is uim{width{IC) : fCis a Kelly-decomposition ofG}. 

2.5 Directed pathwidth 

Directed path decomposition and directed pathwidth were introduced by Reed, Seymour and Thomas. 

Definition 2.10. (Directed path decomposition and Directed pathwidth) A directed path-decomposition of a 
digraph G is a sequence of subsets of vertices V = Xi, X2, ..., Xp C V{G) such that 



. \JX, = V{G). (DPW-1) 

1=1 

• yi<j<k,X,nXk^ Xj. (DPW-2) 

• V {u, v) G E{G), 3 i,j such that u G Xi and v £ Xj, where i < j. (DPW-3) 

The width ofV, denoted by width{V), is max{|Xj| ■ 1 < i < p} — 1. The directed pathwidth ofG, denoted 
by dpw{G), is nim{width(V) : V is a directed path decomposition ofG}. 

A directed path decomposition V = Xi,X2, ■■■, Xp may be viewed as a directed path with vertex 
set {vi,V2, ---jVp} and edge set {{vi,Vi-^-l) : 1 < i < p}, along with a function : {vi,V2, ...jVp} — ;■ 
{Xi, X2, ...,Xp} such that </>(wj) = Xi. This interpretation makes it easier to compare it with other width 
parameters. We will implicitly use this interpretation when necessary. 

Henceforth, we use shorthand notations for all width parameters. For a digraph G, we denote its directed 
treewidth by dtw{G), D-width by dw{G), DAG-width by dgw{G), Kelly-width by kw{G), and directed 
path- width by dpw{G). 

2.6 Separator theorems for directed width parameters 

Bodlaender et al. [BGHK95] show that treewidth on undirected graphs has a useful characterization in terms 
of balanced (undirected) vertex separators: 

Lemma 2.11. (Bodlaender et al. [BGHK95]) Let G{V, E) be an undirected graph with treewidth at most k. 
Let W <^V. Then there exists a ^-i undirected) vertex separator ofW in G of size at most A; + 1. 

It is possible to extract similar characterizations of directed width parameters introduced earlier in terms 
of small balanced directed vertex separators. 

Definition 2.12. (Directed vertex separator) Let G{V,E) be a digraph and W C V be a set of vertices. Let 
a £ (0, 1). An a-balanced directed vertex separator of size kfor W is a set S Q V with \S\ < k such that 
W \ S can be partitioned into Wi, W2 such that \Wi\, IW2I ^ a|W^|, and there is no directed path from a 
vertex in W2 to a vertex in Wi in G \ S. We say that the directed separator number of a digraph G is k 
(denoted by dsn{G) = k) if every subset ofV{G) has an a-balanced directed vertex separator of size k. 

Henceforth, directed vertex separators will be referred to as vertex separators. The value of a will be 
specified wherever necessary. 

Theorem 2.13. (Agarwal et al. [ACMM05], Leighton and Rao [LR99]) There exists a polynomial time ap- 
proximation algorithm that, given a digraph G{V, E) and asetW Q V, finds an a-balanced vertex separa- 
tor SofW in G of size 0{w-f{n)), where n =\V\ and w is the minimum size of an a' -balanced separator 
of W in G. The constant a' depends only on a. ' 

In the above theorem, Leighton and Rao [LR99] presented an algorithm with /(n) = logn. Agarwal et 
al. [ACMM05], presented an SDP-based algorithm with f{n) = ^log n. 



In particular, a = 2 ^^ '^ ~ 3 > ^^'^ "^ ~ 3 ^^ ct = f ■ 



2.6.1 Directed Treewidth 

Theorem 2.14. (Johnson et al. [JRSTOl]) Let G be a digraph, and let w > be an integer. Then either G 
has directed treewidth at most Sw — 2, or it has a haven of order w. 

Corollary 2.15. (Johnson et al. [JRSTOl]) For every digraph G{V, E) of directed treewidth w and W <^V, 
there exists a S '^ V with \S\ < w + 1 vertices such that every strongly connected component of G\ S 
contains at most -U-^ vertices from W. In other words, dsn{G) — 1 < dtw{G), where a = o (refer 
Definition 2.12). 

Corollary 2.16. There exist a constant /3 > 1 and a polynomial time algorithm that, given a digraph 
G{V, E) and a setW ^ V, finds a ^-balanced separator S<^VofWinG of size I3k-f{n) where n = \V\ 
and k is the directed treewidth of G. 

Proof. Corollary 2.15 implies that there exists a |-vertex separator of Vl^ in G of size k + 1. The result 
follows by using the algorithm of Theorem 2.13, taking /3 to be enough larger than the constant hidden in 
the O of Theorem 2.13 to account for the factor ^ ^ . D 

2.6.2 D-width 

Theorem 2.17. For every digraph G{V,E) of D-width w and W C V, there exists a S C V with \S\ < w+1 
vertices such that every strongly connected component ofG\S contains at most '-^ vertices from W. In 
other words, dsn{G) — 1 < dw{G), where a = 5 (refer Definition 2.12). 

Using Theorem 2.17 and Theorem 2.13, we get the following result, where the constant /3 is obtained 
analogous to Corollary 2.16. 



Corollary 2.18. There exist constant /3 > 1 and a polynomial time algorithm that, given a digraph G 

2 
3 
n = |l^| and k is the D-width ofG. 



{V, E) and a set W C V, finds a ^-balanced vertex separator SCVofWinG of size f3-f{n)-k where 



2.6.3 DAG-width, Kelly-width and Directed Pathwidth 

Lemma 2.19. (Berwanger et al. [BDH+09]) For a digraph G, ifdgw{G) < k, then dtw{G) < 3A; + 1, i.e., 

dtw{G) < 3dgw{G) + 1. 

Using Corollary 2.15, we have the following: 
Corollary 2.20. For a digraph G, dsn{G) — 1 < 3dg'w{G) + 1, where 0=3 (refer Definition 2.12). 

Lemma 2.21. (Hunter and Kreutzer [HK08]) For a digraph G, ifkw{G) < k, then dtw{G) < 6k — 2, i.e., 

dtw{G) < 6kw{G) - 2. 

Using Corollary 2.15, we have the following: 

Corollary 2.22. For a digraph G, dsn{G) — 1 < 6kw{G) — 2, where 0=3 (refer Definition 2.12). 

Lemma 2.23. (Berwanger et al. [BDH+09]) For a digraph G, ifdpw{G) = k, then dgw{G) < k + 1, i.e., 
dgw{G) < dpw{G) + 1. 

Using Corollary 2.20, we have the following: 



Corollary 2.24. For a digraph G, dsn{G) < 3dpw{G) + 4, where = 3 (refer Definition 2.12). 

Using Corollary 2.24 and Theorem 2.13, we get the following result, where the constant /3 is obtained 
analogous to Corollary 2.16. 

Corollary 2.25. There exist constant /? > 1 and a polynomial time algorithm that, given a digraph GiV, E) 
and a setW ^ V, finds a ^-balanced separator S^VofWinG of size /3k-f{n) where n = \V\ and k is 
the directed pathwidth ofG. 

From Corollaries 2.20 and 2.22, we get corollaries analogous to the above for DAG-width and Kelly- 
width respectively. 

3 Approximating Directed Tree-width 

procedure makeArbDec(y, W) 

if(4|y| < 15|VF|)theii 

return an arboreal decomposition with one single node containing Y 
else 

Find a | -vertex separator S' of W in G. 

(Comment: \V{G') n T4^| < |-|Ty| for all strong components C" of G \ 5' 
using Theorem 2. 13. Also, |5'| < (3-k-\/logn). 

if y n y = 0, 

pick an arbitrary vertex v £ Y, and let S := S' U {v} 
else 

let S := S' 
(Comment: Now, V strong components C" of G \ S, \V{C') n M^| < l\W\ 

md\S\ < 2■^■k■^/h^) 
Let Gi, G2, ..., G( be all digraphs such that V{Gi) C Y and there exists 

a strong component G^ of G \ 5 (depending on Gj) such that 

Gi is a strong component of G, \ W. 
for i ^ 1 to t do 

LetWi^ su{v{c^)nw) 

Let Yi ^ V{G^) 

call makeArbDec(y , Wi) - we refer to this as the 'i*'^ call' 
end for 
return the following decomposition: 

Take a new root node ry^w containing vertices Yry^^- = S HY 

For each i, add the arboreal decomposition Ai returned by the 
i*^ recursive call with a directed edge ey.^vKi from ry^w 
to the root of Ai, and, assign the bag Wi to the edge ey.^iy- 
endif 
end procedure 

Lemma 3.1. If Y and W are disjoint sets of vertices of digraph G, then MakeArbDec(y, W) returns a 
certain arborescence A! = (R, X, W') with root tq. Add the vertices in W to the bag associated with ro 
and call the new arborescence A = (R, X, W). Now, A is an arboreal decomposition of G\Y U W]. If 



\W\ < f3ky/log n, where k = dtw{G) and n = \V\, then the width of this arboreal decomposition A is at 
most -J■|3k^/logn. 

Proof. Clearly, the algorithm returns some decomposition A' = {R, X, W') such that R is an arborescence. 
Now, we need to verify that A = {R, X, W) satisfies the two conditions stated in Defintion 2.4: 

• To show that condition DTW-1 is satisfied, i.e., the bags associated with the vertices of the arbores- 
cence R form a partition ofYUW into non-empty sets. Let Gj {1 < j < t) be a strong component 
of Cj \ W for some strong component Cj of G \ S. Hence, digraph Gj is strongly connected and 
V{Gj) n VF = =^ either V{Gj) C y or V{Gj) n F = 0. However, the algorithm considers 
Gi, G2, ..., Gt such that V{Gi) C Y. Hence, SnY, V{Gi), V{G2), ..., V{Gt) is a partition of y into 
non-empty sets. By induction, {W^ : r G V{R)) forms a partition of Y. Now, by adding the vertices 
in W to the bag Wrg associated with the root vq, we obtain the decomposition A = {R, X, W). It 
follows that (Wr : r S V{R)) forms a partition ofY\JW into non-empty sets. 

• To show that condition DTW-2 is satisfied, i.e., for each i, the union of the bags associated with the 
vertices reachable from edge eYi,Wi is Wi-normal. For this, we first need to show that Yi = V{Gi) 
is Wi-normal for each I < i < t. Using Proposition 2.3, it is sufficient to show that Gi is a strong 
component of G \ W,. Following argument proves this: Gi is strongly connected and has no vertex 
in Wi. =^ Gi is a subdigraph of a strong component H of G\ Wi. But V{H) n S = 0. However, 
V{H) n V{Ci) / (since V{Gi) C V{H)). Hence, if is a subdigraph of Q. But H has no vertex 
in V{Ci)r\W =^ ii is a subdigraph of a strong component of Cj \ W^. =^ H = Yi =^ Gi 
is a strong component of G \ Wi. By induction, and using the previous condition, it follows that the 
union of the bags associated with the vertices reachable from edge ey.^vKi is Wi-normal. 

Now, we show that the width of the arboreal decomposition A is at most ^(3ky/logn: By induction, it 
is sufficient to show that \Yry^^\ < 2/3k^/logn, and that \S U (F(C'j) n T^)| < ^/3k^/logn. Now, 
Yry^^ =SnY. Hence, lYr^^^l = |5 n y| < \S\ < 2/3A:\/I5g7^ by Corollary 2.16. Also, \V{Gi) nW\ < 
l-\W\ = l/3k,/log^. Hence, \S U {V{Gi) n 1^)| < |5| + \V{Ci) nW\ < 2pk^\^gn + f /5fe^/Iogn = 
^pk^/\^. U 

Theorem 3.2. There exists a polynomial time algorithm that, given a digraph G{V,E) with \V\ = n, finds 
an arboreal decomposition A ofG with width at most 0{k-\J\ogn), where k is the directed treewidth ofG. 

4 Approximating D -width 

procedure MakeDdec(y, W) 

if(3-|y| < |VF|)then 

return a D-decomposition with one single node containing Y \JW 
else 

Find a | -vertex separator Si of W in G\Y VJW]. 

Find a | -vertex separator S2 of Y yj W in G\Y \JW]. 

Let Gi, G2, ..., Gi be the strongly connected 
components of G[Y UW \{SiU S2)]. 

for i ^ 1 to t do 

Let Yi ^ v{G^) n y 



Let Wi ^ V{Gi) n W 
call MakeDdec(yi, WiUSiU S2) 
end for 
return the following decomposition: 

Take a new root node ry^w containing vertices W U SiU S2, 
then add all D-decompositions Vi {1 < i < t) returned by 
recursive calls with an edge from ry^w to the root of each Pj. 
end if 
end procedure 

Lemma 4.1. IfY and W are disjoint sets of vertices of digraph G, then 

MakeDdec(y, W) returns a D-decomposition V = (T, W) of G[Y U W] such that the root node of T 
contains all vertices in W. If\W\ < 6-/3-A;--y/logn, where k = dw{G) and n = \V\, then the width ofD is 
at most 8■f3■k■^/logn. 

Proof Clearly, the algorithm returns some decomposition V = (T, W) where T is a tree. Now, we need to 
verify that V satisfies the conditions stated in Definition 2.6: 

• To show that condition DW-1 is satisfied, i.e., each vertex of G appears in some bag of the decompo- 
sition tree. We prove this by induction on the recursive structure of the MakeDdec procedure. This 
is clearly true when 3-|y| < \W\. If v ^ Wryw' then this holds by induction, as v then belongs to 
exactly one set Yi. Otherwise, v G Wryw' ^'^'^ ^^ ^^ trivially done. 

• To show that condition DW-2 is satisfied, i.e., the subgraph {{i £ V{T) : Wi n S j^ 0},{(i,i) G 
V{T) X V{T) : WiDWj D S ^ 0}) forms a connected subtree of T. Again we proceed by induc- 
tion. This is trivially true when 3-|y| < \W\. Now, for a strongly connected set 5" C y u W, if 
Wryw n 5 = 0, then this holds true by induction since S is entirely contained in one of the subtrees, 
i.e., 5 C y for some i. Otherwise, for each of the subtrees Xi (corresponding to strongly connected 
component Gi) under ry^w^ either S does not intersect with any of the bags in this subtree, or, the sub- 
graph ({i G V{T') : VFi n 5 / 0}, {(i, j) G ^(r') x V{T') : Wi n VFj n 5 / 0}) forms a connected 
subtree of T. Moreover, in the latter case, this connected subtree includes the root r^ of this subtree, 
i.e., the child of ry^^ that is in this subtree. This is because Wry^v = W U S U S' and Wi C W, and 
by induction, rj contains all vertices in W, U S* U S'. Further, by the same argument, it follows that rj 
contains an element of S which also occurs in Wry ^^ » i-e. , Wry ^ H Wj 7^ 0. Hence, the result follows. 



Now, we show that the width of the D-decomposition V is at most 8-/3-A;--v/Iogn. By induction, it is sufficient 
to show that |WrvM-| ^ 8-/3-fcVlogn, and that |Wi U 5 U S'\ < 6■|3■k■^/logn. The first inequality follows 
by using the assumption \W\ < 6-/3-k-y/logn, and using Theorem 2.17 to bound the size of ^i and 52 each 
by |3■k■^/logn. The second inequality follows because Si U 52 is a | -separator of 1^ in G[y U W] =^ V 
i, |Wi| < 4-/3-A:-Vlog^ =^ \W^USU S'\ < 6-/3-A;- ^logn- □ 

Theorem 4.2. There exists a polynomial time algorithm that, given a digraph G{V,E) with \V\ = n, finds 
a D-decomposition T> ofG with width at most 0{k■^/logn), where k is the D-width ofG. 

5 Approximating Directed Pathwidth 

In this section, we present an algorithm that computes an approximate path decomposition (see Section 2.5) 
of a digraph G with width at most 0(/3A;log^'^n), where k is the directed pathwidth of G and /3 is the con- 



stant as given by Corollary 2.25. The algorithm MakeDPD is called with W = V. The 3-tuple (S, Wi, W2) 
is a partition of V such that S* is a |-balanced vertex separator of G (see Definition 2.12). The algorithm 
recursively computes the directed path decompositions Vy/i of ^[VFi] and ^14^2 of G[VF2]- We obtain V'^/ 
and V'yy by adding S into the bags corresponding to each node of Vwi and Vw2 respectively. The path 
decomposition of G (say V) is obtained by adding a directed edge from the sink node of V'^r to the source 
node of V'y^ ■ We denote this operation by V'^r © ^(y ■ The algorithm stops when the size of the set W is 
less than /31og^' ^ n. 

procedure MakeDPD (I^) 

if (|M^| < /3 log^/2 j^) then 

return the trivial path decomposition with one singe node containing W. 
else 

begin 

Find a | -directed vertex separator of G\W] using Theorem 2.13. 

Let {S, Wi, W2) be the partition thus obtained (see Definition 2.12). 

LetPvFi ^ MakeDPD (VFi) 

LetPM/2 ^ MakeDPD(W^2) 

Add S to all the bags of Vw^ to get V'^^^ 

Add S to all the bags of Vw2 to get V^^ 

return V 
end if 
end procedure 

Lemma 5.1. Given a digraph G{V,E), MakeDPD(y) returns a directed path decomposition V of G of 
width at most 2/3k log ' n where n = \V\ and k is the directed path width ofG, where /3 is the constant as 
given by Corollary 2.25. 

Proof. It is easy to see that the directed path decomposition V returned by MakeDPD satisfies DPW-1 . We 
prove using induction on the recursive structure of the algorithm. In case \W\ < /3fclog^'^ n, conditions 
DPW-2 and DPW-3 are trivially satisfied. Now, assume that Vwi and Vw2 satisfy DPW-2 and DPW-3. We 
obtain V^y and V{y by adding S into the bags of all the nodes of Vwi and Vw2 respectively. Hence the 
connectivity condition DPW-2 is satisfied for V^ and V[y . We observe that we add a directed edge from 
the sink of V[y to the source of V^^ > and edges in G[V \ S] (if any) go from Wi to W2 only. Hence, the 
condition DPW-3 is satisfied in V as well. 

Now we prove the bound on the width of the directed path decomposition V returned by the above 
algorithm. This can be obtained by arguing about the maximum size of a bag in the path decomposition. 
Using Corollary 2.25, at each recursion step, |5| < /3fc\/logn where k is the directed path width of G. Since 
each invocation of MakeDPD finds a balanced separator, the algorithm terminates after a recursion depth of 
O(logn). Hence, we add a maximum of 7- logn separator sets (denoted by S) to any bag of V (for some 
constant 7). Further, the termination condition \W\ < /31og'^"n, ensures that the maximum bag size is 
{^ky/logn • 7 log n) + /3 log^/^ n = ^(7/;; + 1) log^/^ n. Hence width{V) < 2f3jk log^/^ n. D 
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6 Approximating DAG-width and Kelly-width 

6.1 Approximating DAG-width 

Berwanger et al [BDH+09] showed that DAG-width generaUzes directed path width. Let V = Wi , W2 , ■■■, Wp 
be a directed path decomposition of G of width k. Let D be a directed path with p vertices i.e., V{D) = 
{di, . . . , dp} and {di, dj) G E{D) if and only if j = i + 1. Set X^- := Wi for all di G V{D). Berwanger et 
al [BDH+09] proved that V = {D, {Xd)d^v(D)) is a DAG-decomposition of G of width k + 1. Essentially 
they proved that if D is a directed path then (i) DGW-1 is equivalent to DPW-1 , (ii) DGW-2 is equivalent to 
DPW-2 and (iii) DGW-3 is equivalent to DPW-2 and DPW-3. 

Lemma 6.1. (Berwanger et al. [BDH"'^09]) For a digraph G, a directed path decomposition of width k is 
essentially a DAG-decomposition of width A; + 1. In other words, if dpw{G) = k, then dgw{G) < k + 1. 

Corollary 6.2. There exists a polynomial time algorithm that, given a digraph G{V,E) with \V\ = n, finds 

3 

a DAG-decomposition T> = {D, X) ofG of width at most 0{k- loga n), where k is the DAG-width ofG. 

Proof. In Section 5, we presented an algorithm that finds an approximate path decomposition (say V) of 
G. Using Lemma 6.1, "P can be converted to a corresponding DAG-decomposition V = {D, X) such that 
width(V) = width{V) + 1 and the DAG L> is a directed path. The approximation factor follows from the 
discussion at the end of Section 2.6. D 

6.2 Approximating Kelly-width 

In the previous subsection, we mentioned that DAG-width generalizes directed pathwidth. In other words, 

restricting the underlying DAG of the DAG 

decomposition to be a directed path gives the corresponding directed path decomposition. We now define 

Kelly path decomposition by restricting the underlying DAG of the Kelly-decomposition to be a directed 

path. 

Definition 6.3. (Kelly path decomposition and Kelly pathwidth) A Kelly path decomposition of a digraph 
G is a sequence of pairs KV = {Bi,Wi), {B2, W2), ..., {Bp, Wp) where Bi, Wi C V{G)for all 1 < i < p, 
such that 

• {Bi)i<i<p partitions V{D). KPW-1 

• yi<i<p,Wi guards \Jj^- Bj. KPW-2 

• V 1 < i < p, Wi+i C Si U Wi. KPW-3 

The width oflCV, denoted by width{JCV) is max{|Wi L) Bi\ : 1 < i < p}. The Kelly pathwidth ofG, 
denoted as kpw{G), is nim{width{ICV) : K.V is a 
Kelly path decomposition ofG}. 

In a manner similar to directed path decomposition, one may view Kelly path decomposition JCV = 

{Bi, Wi), {B2,W2), ..., {Bp,Wp) as a directed path with vertex set {ui,M2, ■■■,Up} and edge set {(nj,Ui+i) : 
1 < i < p}, along with a function -ip : {ui,U2, ...,Up} — ^ {{Bi,Wi), (i?2, VF2), •••, {Bp,Wp)} such that 
ijj{u.i) = {Bi, Wi). We will use this interpretation implicitly. 

Now we show that Kelly-width generalizes directed pathwidth in the same way that DAG-width does. 
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Lemma 6.4. For any digraph G, kpw{G) — 1 = dpw{G). 

Proof. First we show that kpw{G) — 1 < dpw{G) : Consider a directed path decomposition V = Xi, 
X2,..; Xp of digraph G. We may assume that Xj+i ^ Xi for all I < i < p. This assumption can be made 
because: say if for some i, Xj+i C Xi, we can remove Xj+i from V and still have a valid directed path 
decomposition i.e., DPW-1, DPW-2 and DPW-3 are still satisfied. 

Now we construct the sequence ICV = {Bi, Wi), {B2, W2), ..., {Bp, Wp), such that for all 1 < i < p, 
Wi = Xj_i n Xi and Bi = Xi\ Wi and Xq is defined to be 0. We claim that ICV is a valid Kelly path 
decomposition of G. To prove this, we verify that Bi's and Wj's satisfy all conditions stated in Definition 
6.3: 

• To show that KPW-1 holds true, i.e., (-Bi)i<i<p partitions V{G). 

\J Bi= \J {Xi\{X^-inXi))= \J (X,\Xi_i)= \J Xi = V{G) 

l<i<p 1<*<P 1<«<P 1<*<P 

Now, we verify: for all v G ^(G), there exists a unique bag which contains v, i.e. there exists 
I < i < p such that v £ Bi and v ^ Bj for all j / i. Using DPW-1, there exists 1 < k < p such 
that V € Xk- Let v £ Xi such that v ^ Xj for j < i. Hence, v ^ Xj_i ^=^ u G i?j. Moreover, 
f ^ Bj for all J < i. Further, for all j > i such that v G Xj =^ v € Xj-i (from DPW-2). Hence, 
V £ Xj n Xj-i =^ V ^ Bj. Hence, Bi is the unique bag which contains the vertex v. Hence, 
KPW-1 holds true. 

• To show that KPW-2 holds true, i.e., M I <i <p,Wi guards |J Bj. 

Since we know that a directed path decomposition satisfies all the conditions of a DAG-decomposition, 
it follows from DGW-3 that Xj_i n Xi = Wi guards {[JXj)\ Xj_i. Observe that 

[jx, =x,u ilJiXj \ (x,_i n Xj))) = x,u i[jB,) 

j>i j>i j>i 

Also, (IJ Xj) \ Xi_i = [j Bj by definition of Bi. Hence, KPW-2 holds true. 

• To show that KPW-3 holds true, i.e., y 1 < i < p, Wi+i Q BiU Wi. 

Observe that Bi UWi = {Xi \ Wi) UWi = Xi. Also, Wi+i = XiH X^+i C Xi. Hence, Wj+i C 
Bi U Wi. Hence, KPW-3 holds true. 

Since BiUWi = Xi for all 1 < i < p, width{ICV) - 1 = width{V). This proves kpw{G) - 1 < dpw{G). 

Now we show that dpw{G) < kpw{G) — 1 : Consider a Kelly path decomposition ICV = {Bi, Wi), 
(i?2, W2),..., [Bp, Wp) of digraph G. We claim that the following sequence is a valid directed path decom- 
position of G. 

V = Xi, X2, ..., Xp, where, for al\l<i<p,Xi = Bi U Wi. 

To see this, we verify that Xj's satisfy all conditions stated in Definition 2.5: 
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• To show that DPW-1 holds true, i.e., [J Xi = V{G). 

l<i<p 

This follows easily since (-Bi)i<i<p is a partition of V{G) and for all 1 < z < p, i?j C Xi. 

• To show that DPW-2 holds true, i.e., y i < j < k, Xi n Xk Q Xj. Now, XiHXk = {Bi U Wi) n 
(Bk U Wk) = {Bi n Bk) U {B, n Wk) U (T^i n Bk) U (VFi n W^). We know that {Bi n Bfe) = 
from KPW-1 . Also, Wj n Sfc = from KPW-2, and Definition 2.7. Thus, we only need to show that 
{Bi U Wi) nWkQ Bj U Wj for all i < j < k. 

Using KPW-3 we have Wk ^ i?fc-i U Wk-i- Now, let us consider a vertex w G (i?j U Wj) n Wk- 
Since Sj n Wj = by KPW-2, either v e Bi, or v e Wi. lfv£ Bi, then v ^ Bk-i =^ v G Wk-i- 
Hence, v G {Bi U VFj) n Wk-i. By applying the same argument repeatedly, we have v G Wj for all 
i < j < k. Otherwise, v e Wi =^ v ^ [J^j ^y KPW-2. Hence, v ^ Bk-i =^ v G Wk-i. 

Applying the same argument repeatedly, we have v G Wj \/i < j < k. 

• To show that DPW-3 holds true, i.e., V {u, v) G E{D), 3 i,j such that u ^ Xi and v G Xj, where 

By the observations from Section 6.1, it is sufficient to verify DGW-3, i.e., V 1 < i < p, Xj_i n Xi 
guards {\J Xj) \ Xi_i. From KPW-1 , KPW-2, KPW-3 we get 

(IJ Xj) \ X,_i = {\J{B, U Wj)) \ {Bi^i U W-i) 
=> (IJ X,) \ X,_i = (U 5,) U (W \ (B.-1 U W,.i)) 
^{\JX,)\X,^, = {[JB,) 

From KPW-1 and KPW-2 that Xi_i D Xi = {Bi^i U Wi-i) D {Bi U Wj) = (5,_i n Sj) U {Bi^i D 

Wi) u (Wi_i n Bi) u (Wj_i n w) = 

(5i_i n Wj) U (Wi_i n Wj) = (Si_i U Wi_i) n Wj = Wj. Hence, it is sufficient to show that Wi 
guards Uj>i ^j' which is guaranteed by KPW-3. 

Hence, dpw{G) < kpw{G) — 1. D 

Corollary 6.5. For a digraph G, a directed path decomposition of width k can be transformed to a Kelly- 
decomposition of width k -\- 1. In other words ifdpw{G) = k, then kw{G) < k + 1. 

Proof. If G has directed pathwidth k, then by the previous lemma, G has Kelly pathwidth k + 1. Hence, 

kw{G)<k + l. D 

Corollary 6.6. There exists a polynomial time algorithm that, given a digraph G{V,E) with \V\ = n, finds 

3 

a Kelly-decomposition tC = {D, {Bt)t^y(^£)'j, {Wt)t^v{D)) of G of width at most 0{k- log? n), where k is 
the Kelly-width of G. 
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Proof. In Section 5, we presented an algorithm that finds an approximate path decomposition (say V) of G. 
Using Lemma 6.4, P can be converted to a corresponding Kelly decomposition /C = {D, {Bt)t<^v(D): (^t)iey(D)) 
such that width{K,) = width{V) + 1 and the DAG Z) is a directed path. The approximation factor follows 
from the discussion at the end of Section 2.6. D 

7 Open Problems 

We presented the first approximation algorithms for directed treewidth, D-width, DAG-width, Kelly-width 
and directed pathwidth. Our algorithms for DAG-width and Kelly-width are implied by our construction of 

3 

approximate directed path decomposition. This resulted in an approximation factor of O (log an) for DAG- 
width and Kelly-width. A better way of approximating them is to construct the DAG-decompositions and 
Kelly-decompositions directly (similar to our algorithms for directed treewidth and D-width). However, it 
is not clear how to directly construct these decompositions and achieve better approximation factors. This 
is perhaps the most interesting open problem arising from our work. 
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